CHAPTER XXV. 


LEJEUNE-DIRICHLET INTEGRALS, LIOUVILLE 
INTEGRALS, ETC. 


958. We have seen that the formula (?, and 4, both 4- "*) 


oe i71 Jp — L WT (t) 
| aae des 


leads at once, by putting y for az, to 


ae ^ ox P DE) 
gh-l(a—zJa-!dz—ait8-1— 1. 
Ji e-2 Pitt) 
Now, consider the double integral 


for ali positive values of x, and z,, which are such that their 
sum cannot be greater than unity. 


[9] N X 
Fig. 321. 


Then the limits for x must be from 0 to 1—z,, z, remaining 
constant in the integration with regard to x, and the limits 


for x, will be from 0 to 1. 
153 
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The geometrical interpretation is that we are adding up all 
such products as z,h-!z,5-'óz, dz, as lie within the triangle 
formed by the axes Oz,, Oz, and the straight line z,--z,— 1. 
We use this notation rather than the ordinary z-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of variables. The limits must then be such 
as to add up all elements in a strip NQ parallel to the z,-axis, 
i.e. £, increases from 0 to 1 —2;, and in summing tbe strips, 2, 
increases from z,=0 to z,—1. 


1 oz l-t nfi A 
ry iM 4-1 2 P ei. £-1(] — 
Then I ifi [= | da, ij n (1—2,)^ dz, 
OITG)PG41) TET) 


ta DP'(554-394-1)  P(4-1--1) 
959. Take next the case of the triple integral 
I= [fant dr, d de 


for positive values of z,, £a, £a, such that 2, 4-z$-4-23 F 1. 


Xa 


Fig. 322. 


The geometrical interpretation is that we are to add up all 
elements such as 2,°~1!z7,%~'g,'s-! 6x, dv, £g which lie within 
the tetrahedron bounded by the coordinate planes z,Oz,, 2,023, 
2302, and the plane t, 4-2,4- 2 — 1. 
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Then dividing by planes parallel to the coordinate planes 
in the same way as explained in previous chapters, we have 
first to integrate with regard to z}, keeping 2, and z, con- 
stant, that is, for all values of z, which lie between z,—0 and 
2Z,—1—54,—2,, which, interpreted geometrically, means the 
addition of all elements which lie in an elementary prism 
parallel to the x-axis and whose ends lie respectively in the 
plane of z,—0 and the plane z,4-z5,4-254—1. Then, keeping 
z, constant, we have to integrate for all values of z, from 
25—0 to the value of z, which makes 1—2z,—z, vanish; 
which means that we are to add up all the prisms which lie 
in a thin slice parallel to the plane of z,=0. Finally, we are 
to integrate from z,=0 to z,—1, which means that we are 
to add up all the slices within the tetrahedron. 

Then Z =| f ah 5 "gi Lag" Lays71 dar, da, dz, 


0-40 0 


ifi-n | . Q(1—2,—25)8 
=f f giggle) ogg 
0 Jo U3 


=f g, 5-1 ^ B (i, tg - 1) (1 —Z,)etis dx, 
0 1s 
k 
[by applying the result | gh-1(k—2a)8-! dz=kith-1 Bia, , 4,)]. 
0 
Hence lane : B(54, tg+%,4+1) 
3 
DETU) PPG 541)  TG)TG)T G) 
D(4;4-?54-1) T (itatta +1) — D(à 4*4 33-1) 
960. Similarly, in the case of four or more variables; but 


geometrical interpretation fails. It is, however, clear that if 
we are to integrate 


I= fff fei- gett lanl a iil dae: da dz; da, 
for positive values of 2, £z, 23, z4, Which are such that 
21-23-23 +T, F 1, 
(1) when 2,, 22, z, are kept constant, x, will range from 
24-0 to such value of z, as will make 


1—2,—254—25—2, 


zero, 1.e. from 24—0 to z,—1—z,—27$ — £z. 
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(2) Having integrated with regard to z,, we now keep 
£i, €, constant, and in integration with regard to zs, 
z, must vary from z4—0 to such value as will 
make 1—z,—a,—23 vanish, 4e. z, must not exceed 
1—2,—25,, te. the limits are 0 and 1— 2,— 25. 

(3) Integration with regard to x, and z having now been 
completed, z, is to be kept constant whilst integra- 
tion with regard to z, is effected, and z, must range 
from z,=0 to such a value as will not make 1—2,—2, 
negative, i.e. z, must not exceed 1—2z,. The limits 
are therefore 0 and 1—2,. 


(4) Finally, the limits for z, are 0 to 1. 


Hence 
1 fl—a (1-21-22 f1—21—24- 23 i 
PE a ae a ee hE 
Is M L g 71g 71g 71g u dae dz, dz, dz, 


1 1-2zi 1-2,-22 PN RE — is 
z= gh lg ilg i-l (1—2,—2)—23^ 7 da da 
1 2 3 44 1 2 3 
0 0 


1 fl-xy, Basin Cat 
=| | gp 1l 2, —2,yt Un D gy, dz, 
4 


_ Bis, tat 1) 


t4 


1 
| a7 02) Blin fg bie 1) da, 
0 


-Albita Blis, istia +1)B(i, do d- tit ]]) 


_ PETG) Me tictl) TG)T G+ tit]) 
D(isttgt)) T(iz+is +t +1) PD(545 4534-1) 
— Pa) PG3 T G3) T (4) 
T(5-2-452-42- 44-1) 
and the rule indieated obviously holds for any number of 
integrations, viz. 


Hj a [c gui, aono ld, da... dan. 


for positive values of the variables such that their sum does not 
T',)T (i) ... (Aq) 
I'(c4-1) 


exceed unity — , Where &—444-454- ... + in 


www.rcin.org.pl 


DIRICHLET INTEGRALS. 157 


961. An Extension. 
Similarly, if the limiting equation had been 
Y+%+...+2,$¢ (instead of +1), 
the limits would have been, 


for z,, from 0 to c—2z,—2,— ...—24.3; 
for £a, from 0 to c—2,—z4— ...—2,. 5; 
ete. ; 
but we may deduce the result from that already obtained by 
putting q$,2—04,, U La = Ct, etc., 
so that L, +t +... Fl. 


Thus we obtain 
I y [e = Mae part... i, )5- hy de... da, , 


PO P (i2) ... Pen) 
I'(c4-1) 

962. DIRICHLET’S THEOREM. 

We are now in a position to establish a remarkable theorem 
due to Gustav Peter Lejeune-Dirichlet,* who was successor to 
Gauss at Gottingen in 1855.1 

The theorem is known as Dirichlet's Theorem, and is of 
great use in analysis. 

The theorem is that when there are any number of variables 
7, 2, ... En, and integration is conducted for all positive values 
limited by the condition 


Gre ena. 
then 1 


fas fll fee - ai hl we m iui dx, dz, dz EE dz, 


Seanin A E T 
PrPa-+ Pn DR t+) r(i+2*) 


the several quantities ù, ŭo, 45, ... 44; 04, gs +++ Un} Py» Pos +» Pns 
being all positive, and II denoting the product of the factors 
indicated. 

* Liouville’s Journal, vol. iv., p. 168. 


1 Cajori, Hist. of Math., p. 367; Kummer, Gedáchnissrede auf G. P. Lejeune- 
Dirichlet, 


, Where o= tiet ... 4-44. 
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The limiting equation PEIRESE may be made 
linear by the change of variables £,— E Jp = (y. etc., 


rs 1 of P 1 o£ 
which give az atte tl 2-42. ete, 
i & 0x, & Oa zh 


1 Ta % Ly 


and 
The transformed integral is then 


Pun ie Jm A d6dé- .d£, 
"isnt (E Fern eer at ats de. 
with the limiting equation ¢,+4+...+& $1; 
MC Ue I Rd tiat ies tate etn 
PaPa Pa AEREA HESR) (LES) 
as stated. ; 


963. As before, if our limiting condition had been 
T Pı Ly P3 Zn Tn Å 
(5) «(2 t) +c (instead of +1), 


we should have, after transformation as above 


ért ét --- 6st o, 
and making the further transformation 
&—cÉ,, &,=c&,’,... ete 


& E +... +8, $1, 
and the result would be 


y ajat... C. r(*) 2 rt) 
EE T'(c-1) 


where 


em oH EEUU TREE 


cives ies re CU PC r=) 
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964. Ex. Find the centroid of an octant of the solid bounded by 
Qu n” ( a 
() +(5 TMA: 7. 
the volume-density at any point being given by p= uz'y"z". 


Ani, px dx dy dz 2 gy" dy er 


qelugepna tu x*y"z" da dy dz 


Here 


9L. 2k. 9k ACD n+l 
"OE es E 


hos PUsr Jt Cst yt (cee) 


2k. 2k. 2k (i m+l Pm 


The Denominator — 


+ 


ae * 96 ^ 9k 
04-2 (imr? ) 
Hence EU rz) i 2k Mr 
^u +1 l+-mint+4 ) 
Mig eho oh! 

In the case of an octant of a uniform ellipsoid /=m=n=0, k=1, 

zt «iu pp E 

per vir yo S 


Similarly for y and 2. 


965. A Particular Case. 
In the ease when p,—5,—...—p,—1 
and a,=a,=...=a,=4, 


the theorem reduces back to 


= ff.. [ou hs Bgl "GL, Ody h Why 


= qe in TT (4) eee P (in) ; 
T'(5, 4-3, 4- ...3-24,4- 1) 
and the limiting equation is 
2, 4-2,4- ys +2, > a, 


viz. the fundamental case of Art. 961 assumed. 


966. Extension. 
If the lower limits had not been zero in each case, but such 
that 2,+2,+...+2, is to be not less than b nor greater than a, 
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i.e. b< 2a,<a; then plainly we must subtract from the 
result obtained, the integral found by making 
L, ++... +2, >), 
and the result will be 
[a Hirt... tin birtist... tin] BACUXORSKOAM 
T'(2, 4-9, 4- ...4-24,4- 1) 
967. If the difference between a and b be an infinitesimal 
difference ób, then to the first order 
qut tin hit... tin (b+ óbyvt- ti — hit. tin 


= (i, Hit. Hin) bit in 18b, 


T GT GT (i) ... Pin) 
OD HELL 
For example, to verify this in a simple case, consider the volume of a 
triangular plate bounded by the coordinate planes, and the planes 
s+y+z=b and x+y+2=b+680. 
Here $—4-—45—1, p =p: ==], 


; Ft ER. b 2) 
mI DR PS eaten EP OO 
V=. 13-3 eas s( x) 
ùe. the change in the volume of the tetrahedron bounded by the co- 
ordinate planes, and the plane which makes intercepts b on the axes, 
when b increases to b+ ôb. 
968. Liouville's Extension. 


If we require to find the value of 
r=]. : Jost ... agin7l f(a, +o... 4-24) do, da, ... da, 
subject to the conditions that v, , 25, ... v, are all positive, but 
3 g,-254- ...-- x, >a and «€ b, 
we may then take the case when 
Li Flate fey 
lies between v and v4-óv, for which 
Ui Fle kret tn 


differs from v by an infinitesimal e. 
Then for this limitation the integral takes the value 


iai ete TERES Eds 
he d n 


Large pla du f(v) ri) ci Pin) 


TG...) 


and the result will be 
Hitict...tin-1§h 
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to the first order of infinitesimals. And therefore, for the 
whole range of values from v—b to v=a, 


ra)... PE 
 T(95$4-5,4...-5, 
969. Exactly in the same way, if we require 


r=]... i sif nu: cs he da, ... do, 


for all positive values of the variables such that 


CS) WD 3e. + Za)” h, and E ha: 


S GA ee 


lie between v and v+ dv, =v +e, say, where e is an infinitesimal. 


Then for this limitation, i s , 
1 yy ta ta 
[1]! cate a a ao to otha) Qo - JTG) rG) 
v PiP2 ++» Pn I'(k) 


where ENUSM YS 
P» Pr Pn 


zo] it ist. -+in—1 f(v) dv. 


and dvf(v+e) differs from f(v)óv by a second-order infini- 
tesimal at most, supposing f(v) and f(v) finite and continuous 
for the range. Hence in the limit, when we integrate with 
regard to v from v=h, to v=h,, 


ni Dg uD ta Un t2 
1P2 Ta RETIA ; 


Pn 
where EA de 
Pi P Pn 


This extension of Dirichlet’s theorem is due to Liouville.* 
970. An Application. 


As an example of this theorem, consider 


T si di, day... d, 
Nat — 2-2... Ep? — #5 —...= 2,3 


for positive values of the variables with the condition 
P+ oet+...+2,2=va7 > a’. 


* Liouville’s Journal, vol. iv., p. 231. 
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Here Pi=Pr=---=Pn=2, iro pti c 
d,=a,=...=4,=a; h,=1, À,-0, k= 
e EOT poe E - „EO, 
ET a cj 
PRHORILOPME E 
e MG amd 
Thus, for example, in the case n=2, 


[[ dx, da, a s! TOÀ + 


Then Z= 


[ae (1- vd dv 


a gt ta Alri 2 


Hence the area of the portion of a sphere 2?+y?+2*=a? which lies in 
the first octant, and which is 


IE -drdy, ie. af v is =a. 


1. 33 y à 
and the area of the surface of the whole sphere = 47a’. 
da, dx, dx, aa? 
Apoe=s Tiaa 
gain (n ) R ET y, E py 8 
(Gregory's Examples, p. 474). 
5 
ib de dz,dz,dz, .— a^ m! ma 
and (n — 4), f[[[, RS Tm? Tm? -ag Tri pio T 12 , 
etc. 


971. Boole’s Theorem. _ 
Consider I = E (a42, Fat 4- ... 3- antn) da, da, ... dz, for 


all real values of £., 2y, ... z, negative or positive, such that 
z,?--2;?--...b e*. 
Change the variables by the ortho- 
gonal transformation in the margin. æ, 
Then J=1 and the relations of 


the transformation system are To a, | m |m 
Z4 = IN etc., ae 


| Ui | M. | Us 


l l IENEN 


M | Ms; 


Elm= 0, ete., Tg eee 

m n TRP UNS FETERANEN TTE, 
and Des» ut un i 7 A 

1 E ' OWN fe Ee ee AUELSCONS Be 


* Gregory's Examples, p. 474. 
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and suppose the transformation to have been so chosen that 
G,2, d- 0,2, - ....-G,z,— ku, where k=) a. 
1 
Then y | |.. [F u )dun da» A 


(n signs) 
Now for the first n— 1 integrations, v, remains constant, and 


[Jf dus ... du 


(n -1 signs) 
where WHU H... HUn > eu 
n-1 
= gm (€ =a) 54 DD 
n— n id 
reg) 
the first factor 2"-! occurring because at each of the n—1 
integrations the result is to be doubled to take into account 
the possible negative signs of the respective variables. Hence, 
dropping the suffix, we have 


2€ 


T 


ber 


(See “ Catalan's Theorem,” Liouvilles Journal, vol. vi., p. 81, 
and Boole’s remarks upon it, Cambridge Math. Journal, vol. iii., 
p. 277.) 


972. Consider next the integration 


1- ||. Pega tem din ies, i des’ 
Je — 2? —2,2—...— 
(n signs) 
where getet.. ss > » 
for real values of 2,, z,, ... Ly 
Changing the variables by the same orthogonal transforma- 
tion as before, 


F (ku) 
r-]] on B du, du, M du,,. 


=|. F (ku) (C — u?) * dv. 


(n signs) 
Now for the first n — 1 integrations, v, remains a constant, and 
Í f. f du, du, ... du, -— (c x up T 
U2? wu... m (3) j 
(n-1 Es E S ) lig 
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by Art. 970, the first factor 2^-! being introduced because the 
several variables are not now restricted as to sign as was 
the case in Art. 970, so that at each of the (n— 1) integrations 
the result must be doubled. Also at the final integration the 
limits must be —c to +c for the same reason. Hence, drop- 
ping the suffix, 


I2— f F (ku) (o? — u2) dus 


973. Further Generalisation. 
We next consider the still more general integral 


i ay En 
= ff- 7 E dmt vest A pity) dz, ... da, 
for all real values of E ar .-- Zn, Such that 
E e +S + 
First we expand 76. in powers of 1—v, say E B,(1—v) 
[or if it be possible to expand in positive integral powers of 
l—v, we may write 1—v=w; then F(v)=F(1—w), and by 
Maclaurin’s theorem, we may put 
F(v)=F(Q)—w FI) + 3 ;F')—.. JO pa 
Then we consider the integration of 
et 2 
. ff- i as) FU oo + Aura) 12, ... das. 
If I, be the result of this integration, the whole result will be 
PA, 
, I I 
[or IFQ)-LF()-3 F'0)— 71972 Po 1)4-..., 
as the case may be |. 
To obtain J,, first put 
Wj =A4 Ej, L= du E. Gy dE, «++ In=An€n 


M J= aü. 4, and 
zl Ja- &— En PFA E ++ + Anann) dG, ... dé, 


* See Todhunter, D.C., Art. 281; Gregory, D. and I.C., p. 474. 
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Now make a further transforma- 


tion to variables 4,,4,,...*w4, by oa i1 TAS. eno 

the orthogonal transformation for- é 1 l ly 

mulae in the margin. The Jacobian TUS | rir TOME 

of this system is unity, and & | m, | m, | ... | Mp 
EPHEP +... SU rut... 5 | ew 

and further choose w, to be | . 


(Avia Ei tH A gafas T- -..)/k, 
where A—Aj,a?- ...3- Ata. 
Then J,=4d,... aff- Ja- =U? —... —U,?)?f (ku) du, ... 


In the integration with regard to w,, Wg, ... Un, the remain- 
ing variable u, remains constant, and 


f --[fa-ua-uz- ust)? dus dus ... dun, 


(n - 1 signs) 


n—1 
1 Ir )| 1x u,2 a n 
3 ^ 223 idi; 3E Ld —| all 
nears! 
if restricted to positive values of ts, ws, etc. ; and if the several 
variables may have full scope as to sign between the specified 


limits, each of these n— 1 integrations must be doubled. 
The result of the n— 1 integrations is in that case 


r(j T re) ro anti, 
re) rre) — 
EXEDIL 
P) 


Therefore, as the limits of the final integration with regard 
to wù are from — 1 to +1, 


(1—w,?— zy dz, 


n-1 
To 
(l—u,2) ? ^ 


n-1 
er n-i 
[p= 0405 ... EM (1 on X T Fife 
rep) 
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it being now unnecessary to retain the suffix of the u. Hence 


n-1 


Fay ia US By T pst f (1— aut)? *? eeu) du, 
E (nm " 
Deam 
where k*— A paH A as? 4- ... 1 - An An. 


This result, of course, includes former cases discussed. 


974. Extension. 
If the limits had been defined so that 
z,?[a,?-- z,? [aS 4- ...-.- z,?[a,? > a? (instead of + 1), 
we could deduce the new result from the former by writing 
aa in place of a,, again place of a,, and so on, 
and therefore ka in place of k; 


and, finally, if the scope of the range of the variables is still 
further limited by 


2,7/a,*+...+2,2/a,? > o* and. + 83, 


we must subtract all cases for which z,?/a,?+-...+2,?/a,? is > B?, 


and we shall have n—1 
Ija,a,...a,T 2 


oy T(p+1) "i PP ponf(kau)— 9" 
Ad GIN "cum (1—u9) ="? [a"f(kau)— B" f(kBu)]du. 


975. Deductions. 
Compare with the foregoing results the series of integrals 


[x 3 1g 7 1 d, where titt = » 


Vasca 1g,5—1 dz, d, where 2,4-2,4-2,—1, 
etc., 
fff- fai- ^O pl da, ...dz, , where z,4-...--2, 44-241, 


for positive values of the several variables. 
Take for instance the second. Here z,—1—2,—z,, and the 
integration 


be | f gigi (1—r— 2)» da, dz, 
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is to be conducted for all positive values of z,, £, such that 
244-237 1, 


1- ECT | Letitia? 
Then TGFs) yata—-1(1—y)s-1 do 


CET) PG; HT). PEP HE) 
Dati) P(yttetts) DPourtu © 
976. Similarly, in the general case, 


I=]... [sea gin lg inci da, da, ... dz... 
(n—1 signs) 
for positive values of z,, £a ... La such that 2+ ... --,. 44-24, 1, 
1- ||... an. Ecl (1—2,— ...—, 4)77 day... dz, 4, 
(n—1 signs) 
where z,4-2,4-...d-z4, 4,71 
_ PT (4) a SEU iy +igt...+in-1-1(] — y)in-1 
T"TGuil. eth (corde 
CTi) y DT'(,4) D(à 3-5 cS, T (in) 
T(44- 4,4 -... 4,4) Titit.. Ftna 4-34) 
TF G)T (9) --- T) 
D'(?; 4-2, 4- ... 4-24) ° 


Thus, if Ae||... [s er Sun da, ... d%q, for 32 "1 
1 


(n signs) 
n 
and Bal|.. fa i12 att, O 4, for 5751, 
i 
(n—1 signs) 


— "vd n DUO T) 
we have i TST THAM REI Oe a 


977. In the same way, if we require the value of 
I ={[..-| gia fe) ant ayn Po dan, dz,... dz, 4: 
(n—1 signs) 


for positive values of the variables, such that 


(2 Qe 3 HE 


nal 
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1 


gn Tq Pn-1) Pn 
we have t= a, 1—(4) Tet 23) } 
U 


"MM 


and 1- |... ] oii H ginam! Up” Pn 


(n—1 signs) 


xi -(2 jr - (un aad 3" Gu S dE a, 


where (4 «m ec (nay > 1, 


Uy An- 


| uL r pled! (tn) 
_ a". - Un=1 RED E 2)- (Pn) fo- 1(1— Jy Sig. 


e pe ne YT dy" 
wd EX a 
e DiPa - Spay. XB) - 
P2 


978. Ex. Find the value of m xà—lyu—lzv—l da dy for all points of the 


ellipsoidal surface a?[a? + y?]D? + 2, — 1 which lie in the positive octant. 
Here 7,=A, =m %=V+1, p,—p,—ps-2, a,—a, =b, a5—0, 


| (Or()rC) 
pak horti : É I (5 2 
—£9.9.2.9 p(^tstrtl 
, NI 
Thus, for instance, 


|: dedy- i we 2 A Epraim} . $ rabe. 
979. Relation of the Integral Forms discussed. 
We note then that the two integrals 


j ; d (Ly MP 
As T... ota Pide das ausos hb, for 5x2 > i; 


l 


(n signs) 
1 SLAW 
ams i—ly i-l, fa- 1E in— 4 Zr ES 
B2||... fo afer). CYT ede, dag. de, s» for DZ) e, 
Ay 
(n-1 signs) 


www.rcin.org.pl 


A GENERALISATION. 169 


for positive values of the variables in each case, are so related 


that : , . 
AP m asas ca T (2) P(A) P(e) 
uper i REIR MICE. 
1 r n bi a ue n T n 

PNE ein) 
980. A LEMMA. 
In order to abbreviate the work of the articles which follow, 
let us note that the Binomial expansion 


(1—2-^—1--nz D 2 ja BALD en] PIN 


T(n47)1 
Tin) r!’ 
and that, writing 7,+7,=j,, 7,+%,+%,=j,, etc, we have 


Koo EG0T (rr). PGstr) TWT (i47) 
SETET Dr! TOO 


.TFG)PG) Tatr) MEER Ko, 


may be written as 4.2, where K,O= 
0 


TDT DI (i+r)_I (ja +7) € D (5) P (33) (434-7) 


EC Tere Mari TUF) 
STG)PG)PG) PG Er) PGE GEG) g a 
PJs) D(45) v! P(t-c45T50 '' 
ete., 
and 
K Gin EG) PG p) (5-7) (dor p) . PG) Get p) (53-7) 
"UU Türen ^T Dp! Geter) 
. PG9P GP +r). l'(s--p). TDTO) (7) jp gy 
D'(3,4- 7) r(t) p! D(5T4r45T7 "^ 
etc. 


981. We propose now to consider integrals of the class 
qiie el) pH (> 4,z) dx, da, ...da, 
tan ll -f (A 4- a2, 4- atat -H S2, frt -tin 
for all positive values of the variables, such that 


h,« A,2,4- A0, ... A m. I, 
all the letters involved representing positive quantities. 
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Putting 
A x=, A,;2,—£,, ete, and Ab, Ach, ete., 
1 2 . 
ne zeae f [ere fes eat ae 
ji EYES JE. Qr b Eo EVE uus Eo E tat-tin 


Consider ^ei the case of a double integral, 


usb. (fette tE) 
| 173343] aS ERO de dle 


a particular case of which is discussed by Todhunter (Int. Calc., 


p. 263). Of the two quantities b, , b,, let b, be the one which 
is not less than the other. Then 


A+), €,+6,£,={A+5,(€,+£)} —(b, — 5, &, —1,—^, Say, 


where v—(b,—5,)£,. Then as A 4- b, £4 --5,£, is a positive quan- 
tity, we have v < u, and 


—(&- a) 
4D ful) 9 — (uv) e u- eria (1 7) t 


^ = UE é\r 
=u lùth) 3; I i9 (b ba(t) : 
a potios: binomial expansion. Hence the integral becomes 
4-1 -1 
AtA asl) : a path 5 2; KGW; -oy (È) dé dé, 
ilé %+r—-1 +é t 
xx y DEMO, ae »[fé éh Sii &) qe dé,, 
and ù 21 a function of & +é, we have, by Art. 968, 


P(A) (24-7) (^ t$ f(t) 
(i, +42) r 1 2 
Fas diga. T (b, —b,) ri, Tán) Ne 


1 &TG)F(G) , [P terrm) 
A,*A, > Thies ) Ke MO -y| A+), t)jatttr dt 
P oT MI (4) he tatal f(A «e ich —Rhw 
ARA TQ EL) OPED EO B cry d 
LG Gee 9 (1. lors 
T AA Titi) Ja 4- bt A-dbt 
1 Pere) iliius 1) 
— 1545 TED | CERERI 


T'(4)T (i) Lr tnl f(t) dt 
hey Fi) Ja, (44A 4- a40)8 (4,3 + ast) 


l= 


dt 
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982. Next take the case of the triple integral 
giao. eet | j[£ s E+E +&) dé, dé, dé, 

> APA A's (A+B, Éi +6, E, b, E, tat 

Of these three quantities 5,, bz, b,, let b, be that which is 
not less than either of the other two. Then 
A-Fb £i tb & +b; é= Atb (HE +b, £5} 

—(b,—b5,)£&, =u—v, say, 

where v— (b, —5,) £,, and is < wand positive. Let7,+7,+7,=7,. 
Then 


> " QN 7 ME. r 
(A+B, 6, tbf tbf) 5 — u^ t —*) E ll 2 K,02 (b, —b,y ($y, 
a convergent binomial expansion. 
^u 27/0213 
. b-b T t 
-h= -È di3. y M is [[— M5 k^ (Bryan atat, 
where u is, bier er, A+b,(€,+&,)+6,€,, and is not this time 
a function of the sum of the variables. Hence a further trans- 
formation is necessary. 
We may write 
uz +b, (fH f) tbf = [A b (f - £24 £3)] — (0, — b) €, 
—U —V, say, 
where V z(b,—b,) £, is < U, and U is a function of 
tert £s 


Also, writing ?;--254-2,--7--j4 where necessary to shorten 
E y =j; Dry. "m p 
a Ja U ae eH v) US Ws Js DK, a m) b 


a convergent binomial expansion. 
Hence 


f [PS 22 ag, ag ag, 


m 
=f J [e Mi E. mee E a- T d£, d£, 
=f J / EA KE,“ Xb, =b; » X $ gal (Z£) dé, d£, dé; 


ue +p 


hp 
i Gs) PG) PG p) 'Gs +r) pee OR 
Ay PET K, TG, +tg+ pt+iz+r) Py (b see 
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TG)PTG)P(G*7) 57" m 


K (9 
^", Gy Fig Hig +7) QE buy a 2 £ 53 (b, — EP aloe 
COLG) h MICE zio ^ At) dt 

PQj+q+%+r) Jr, (A+5, (+b) ESI 
FG) G)T (G7) à ro)dt 
(iiti 4r) m (A+, puit bu 
.q- € (&-hY poTG)DGODG h — Sf da 
r-0 APA PAP " T(qyttgtigt+r) Jn, RU ar reda 
- l  PG)PG)IG) e f (b, -bde 
AAA S TU EE) Jm terr Terre yao” AY 
2. 1  PG)PTG)IT(G) Pim oc (Smp N 
A APAS DQ, 55) e Jh, (Abt)! (A +b)? Ab, 


2.01 — PG)PGQT(G) f^ P770) g 


A ASA, ig Ihi 4-254-23) "AA+" 


TG)TG)I G) deua 
P555) Jj, Ila sÀ + ast)" 


983. Exactly the same process will hold for a multiple 
integral of higher order, so that in general we have 


DDT (G9 ... T (in) (^tt fn y 
iy Taksi td is T (AA+ ast)" 


984. Extension. 
The result may obviously be extended to the integral 


* H . n 
L- E pud ke sS 4,2," da, dz, ia de, 
(A+ an” Hatt ro mut), 


where i-i dagli p, 


an 


all the letters involved Ea positive quantities and the 
conditions of the limits being 


h, « Aa HAt HAE Lh. 
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For putting A,7,"=£,, A,7,"— £,, ete., i= M Tb etc., 
we have n 


£9 Efe E) dE d£... dE, 


m al-l (AFD E+. Onn! Efo- Én 
walls _ GG 


_E'f@ dt | 
Eoo = airy +2 ———À [LG eut 


Thus in all such cases the multiple integral is reduced to a 
single integration. 


985. Differentiation with regard to a parameter contained in 


the integrand. 
In a multiple integral 


b, pbz bn 
u= | -f $(2,, Xp, ...2,, c) dz, da, ... dz,, 


a4 J 84 an 


which contains a constant c, differentiation with regard to c 
may be effected by the same rule as for a single integral, 
provided that the limits of the several integrals are all inde- 
pendent of c. That is 
Ow b; fò in Oo 
a= NE X dit, ity... da, 
The proof of this is the same as in the case of a single 
integral. 
986. Liouville’s Integral. 
Consider the case 


n—1 
— 4 
=f (m af 2 t m. ass Digg | 0 lig... When iss” 
h 
where £2 2,4- z,4- ee oe noes: 
an integral discussed by Liouville. 
Differentiating with respect to a, 
LL -nanaj hs [ -t on Ta za ig: core. 
P i go tt] e 0 eT a 


da, 
* Bertrand, Calc. Intégral, p. 476. 
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Now introduce another variable z, defined by 
WE, ++. Ya 4024, =O", 
i.e. change to a system 
a” 


L, = 
1 ? 
Vee ++. Ln 


q,—2,, Dg= Tz; oe Lnn: 


s 7 Oll Wes enn Buna) Aa a” 
aa e: EME TOEA, aay PEN 


Then Lay eto. LL is replaced by 
he 


deii ca! 


Beth. dy ora 


JC NER 
H 2 nl 
ag o. ide, das icde. 5. 
and 7," z," ...%,%, —1—32''—'7-1js replaced by 


23S e Rag 


My Baquba arias 
46. (1) Jal m" z' x mQ uda da dz. 
and in the transformation of the multiple integral the sign 
is adjusted by a proper assignment of the limits. 
Henee, as z, is oo when z, is zero and vice versa, we have 


dl ry "i UM ie i 
toT n—1 1-no—t', n n n 
=—na j afo a ae riis dz, dz, ... dz, 


— —nI (for if a is increased J is decreased). 
Hence " — —nda, log I=—na+ const., I= Cera, 


To find C, take the case a=0. 
Then I becomes 


opo te ee agers = ae 
I, | rre j e~ lattar.. tEn-1) gp n va" cate Pay da, da eee qu 
0 


and as the variables are independent and the limits constants, 
this may be written 


i ean" da, | x [[ emt d, |... x [| ep 5 dz, , |, 


0 
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1 


that is r()r(=)r (5) - al (rat “a or On) in TM 


n—1l 


Hence C—(2-)? n " 
Hence the value of the integral is 
Izd v e 
987. Liouvilles Method of proving Gauss' Theorem. 
Consider the product 


T(x) r(2++)r(2+2) fap ES 


This may be written 


n 


s = 42 1 9 Q271 1 
zt =- z+— - 
| enne-de,x| «Hv s, En ow x| emg. * dz 
0 0 0 


ao oo 1 
=} Ls gm ting alg ta! a 9 o dig... 
0 


Now change the variables according to the scheme 
2^ 


QQ— —— ———, =l, e=Hy-.. Ln= Tn. 
1 ) je ers RUN 
AN ar tq 


nz) 
Then J pao oid and the integral may be written 
X SEEN 


orn oo 
n—1l 
| | el * - (zn Hero.) nat 
0 


eog V3 .- -Ln 


2^ ee nt apud Atty 
x(a te a d; dz, dity... 


oe WEN 
that is 


0 
n-1 


nf hah. is 11 24 Aci. 
n c] Cte! ee. ee Oe Ee ae, RR. ON. 


175 


Qn) 2 gw he" dz, by the preceding article, 


=n} (2r) 2 if é negasi de=? Qu) E T'(nz), 


viz. 
na T (a) F(z4-1)... rs.) à (any € T'(na), 


which is Gauss' result. 
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PROBLEMS, 


l. Find the mass of the triangular lamina bounded by the axes of 
coordinates and the line «+ y ^a for a law of surface density pry’. 


2. Find the mass of the tetrahedron bounded by the coordinate 
planes and the plane a^7!z 4-b7!y - cz — 1, the volume density being 
P = paye. 

3. Find the centroid of the area in the first quadrant bounded by 
the lines z +y — ^, z4-y = ,, for a law of surface density o = pxrPy?. 

4. Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

a lrkb yc 02208, a 1zkb7y c2 —,, 
for the following laws of volume-density : 
(i) p n (a7 + bly c2), (ii) p=paryter, (iii) p nh e gh 2). 

5. Apply Dirichlet's theorem to find the mass of an octant of an 
ellipsoid in which the density at any point varies as the square of 
the product of the distances of the point from the principal sections 
of the ellipsoid. 

6. Find the moment of inertia about the z-axis of the portion of 
the sphere 2? + y? 4- 2? — a?, which lies in the positive octant, supposing 
the law of volume density to be p= uzyz. Obtain the corresponding 
result for an octant of the ellipsoid 2?/a? + y?/b? + z?/c? — 1. 


7. Find the mass of the positive octant of a sphere of radius R, 

whose centre is the origin, for a law of volume density 
p p. (a, b, 6 J, 9; h)(a, y zy. 

8. Find the mass, centroid and moments of inertia about the axes, 
of the positive octant of the ellipsoid x?/a? + y?/D? 4. 22/c? = 1, for a law 
of volume density p = p(x? + y? + 22). 

9. Show that the volume of the solid, the equation of whose 


surface is a^*z* + b-4y4 + c757* — 1, is ie = (r(2)4. 


10. A homogeneous solid is bounded by the surface 
(z/a)* + (yb + (z/e)* — 1. 
Show that the centroid of the portion of it in the positive octant 
is the point 21a 21b a) 


128’ 128’ 128/" [Oxr. II, Pus., 1901.] 
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11. Find the position of the centroid of the portion of the solid 
bounded by (aJa) + (y/b)2™ + (2/c)2" = 1, 
which lies in the positive octant, the volume density being pa?y%2". 


12. Show that fomes dy for positive values of x and y, 
such that 2? + y? P c?, is 
APRN UICE 
4 T'(l+m 1) [I. C. S., 1893.] 
13. Obtain an expression for the value of 


foc: y?"—! f (ax? + by?) dz dy 


for all positive values of z and y, such that az? + by? p c?. 


{I. C. S., 1893.] 
14. Prove that the value of the volume integral 


I Ac + py + vz)?^ da dy dz, 
taken through the volume of the ellipsoid 2?/a? + y?/b?+2/?=1, 
A, p, v being constants and n a positive integer, is 
4vabc (Xa? + pb? + v2c?)"/(2n + 1) (2m + 3). 
[I. C. S., 1912.] 
15. Find the value for positive values of x, y, z of 
Wes sin (z 4 y + z) dæ dy dz 
with condition «+y+2 ir. [I. C. S., 1899.] 


16. Prove that | | (x+ y)o*yPdz dy 
o Jo 


Pas 1)T (B 41) (7 : 
- N CEPIT EN ? $ (2)z«t8*1dz,. 


and extend the theorem to any number of variables.  [Corr. y, 1887.] 


17. Prove that the area of the curve 


(aa + by)?" + (bx —ay)?^ —1 is lik (h (a? + b?) r(;) 


[Corr. y, 1891.] 
18. Find the volume enclosed by the surface 


(z/a)*" + (y/b)?* + (2]c)?n — 1, 
where n is an integer. (Maru. Trrp., Parr IL, 1919. 
Show that the distance of the centroid of the portion for which 
is positive from the plane z —0 is 


i-r run) 
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2 42N»-1 
19. Prove that IC i een f (az + By) dz dy 


Da I'(p) A 2\p— 
= rab oe pfa - Bye f(kt) dt, 


where k=(a?a? + yopoys, the double integral being taken for all 
values of « and y, such that 
z?[a? + y?/b? — 1. [y, 1899.] 


20. Show that, zyzu being equal to a‘, 
TE | ecards 
f, J Í, i , d 32/2 eta 
[Sr. Jozw's, 1882.] 
21. Show that 


dx dy dz ue ene oa 
where z, y, z have all positive values such that à 
e/a? +/+ 2/2 <1. [CorrkaEs y, 1891.] 
32. Prove that 


- ua yj lgn—1lyn—1l 
Jl “(p+ az + By) ttt da: dy 


T (k) T (m) T (n) l m n 1 
CTxmantl)ip pta" PFR) A (p +a)" (p + By” 


the integral extending to all positive values of z and y such that 


- t y« l. [CorrEaks y, 1891.] 
2. Show that 
| L | pt ae E Oo ld 2 a ii 
; (A Tao aa. fa buc IEE g Rect a n 
Satie l ORP 
3 


~ tig... in T (n) T (a, — a5) (a — ay) ... (a, — Gn) fi A at 
the summation referring to a cyclical change of letters from «, to dn, 
and the integration being effected for all positive values of the 
variables for which gitet... 1 


24. Prove that, n, r being positive whole numbers, 
[ M WP ode da... dz, — m^ — (nr—1)! (2r)! 


2n (0+ Se) 2 ~ art (9n +2r—1)! vl ^ 
(2+ Es, 


[Maru. TRIP., 1870, WoLsTENHOLME,] 
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25. Prove that 


Í m "de o Í ^ dat, Í ^ — dz, ^ f'(5)d£ 
n—-1 n—1 n—l''' n—-1 


© (z—2,) * “9 (-2) " “9 (n-2)* 9 (m-5" 
1 n 
= {rG fe) - £0). 
(See Ex. 30, Ch. XXIV.) [MaTn. Tnreos, 1875.] 
26. Prove that 
o0 po a? 7 
[femmes m Se eare, 

ay (LIOUVILLE. ] 

27. If n be a positive integer, show that for an integration 
conducted over a triangle of area A in the a-y plane 


| y^dz dy — AH,, 


where ZH, is the arithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result for 


any plane polygon. [RovrH, Rigid Dyn., p. 425.] 
28. Show that if the integration be conducted for all positive 
values of £, o, Tg, z, such that z,  z; > 1 and z, +z, > 1, then 
Ii g,h-1z ilg 71g u-ldz dz, dz,dz, 
=T (iT (4)T (4)T (4)/T (a, + tg + 1)T (ig +i + 1). 
29. If izz rx R.esxQ" and TTo... n= 0”, 
evaluate the integeal 


ete DT gn dey de, dz, 
Ws OA) T Bag 


n n n n " 
30. If =x] c z,? +4,5+ ... tn” and PRR ER ... Zn” =a, Show that 
-1 


n! 2r) T 
ee fe "tds dz, ... dtp y= eg OO 
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